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ABSTRACT: Covalent functionalization of single-walled carbon nanotubes (SWCNTs) with
organic molecules results in red-shifted emissive states associated with sp3-defects in the tube
lattice, which facilitate their improved optical functionality, including single-photon emission.
The energy of the defect-based electronic excitations (excitons) depends on the molecular
adducts, the configuration of the defect, and concentration of defects. Here we model the
interactions between two sp3-defects placed at various distances in the (6,5) SWCNT using
time-dependent density functional theory. Calculations reveal that these interactions conform
to the effective model of J-aggregates for well-spaced defects (>2 nm), leading to a red-shifted
and optically allowed (bright) lowest energy exciton. H-aggregate behavior is not observed for
any defect orientations, which is beneficial for emission. The splitting between the lowest
energy bright and optically forbidden (dark) excitons and the pristine excitonic band are
controlled by the single-defect configurations and their axial separation. These findings enable
a synthetic design strategy for SWCNTs with tunable near-infrared emission.

Recent success in controlling the features and dynamics of
excitonic states in single walled carbon nanotubes

(SWCNTs) has led to advances in surface functionalization
techniques to overcome low emission capacity inherent to
pristine (i.e., defect-free) SWCNTs.1−8 Functionalization of
the SWCNT surface by small organic molecules at low
concentrations introduces sp3-hybridized defects that spatially
localize the low-energy excited state electronic wave functions.
These new states are optically allowed (bright) and are able to
capture rapidly diffusing excitons characteristic for pristine
SWCNTs, which altogether dramatically increases photo-
luminescence (PL) efficiency centered in the near-infrared
spectral region.2,4,9−15 These features make functionalized
SWCNTs promising materials for highly tunable single-photon
emitters operating in the telecom relevant wavelengths at room
temperature,9,16−18 which is a key element of any quantum
photonic circuit needed for quantum information processing.19

However, the resulting emission energies are dependent both
on the chemical composition of the adduct and on the defect
binding configuration.9−11,14 Recent computational reports
have demonstrated that the latter plays the dominant role in
the PL characteristics related to defect-localized states.11,14,20,21

However, controlling precise binding configurations is a
challenge for currently developed chemical means such as
aryl diazonium chemistry13,22 or photochemistry.23

In experimental spectra of chemically functionalized
SWCNTs, there are typically two prominent defect-associated
emission bands, labeled as E11* and E11*

− (or E** in some
reports), each red-shifted from the E11 band being the emission
peak in pristine systems.13,15,20,23 Typically, these two bands

correspond to different defect configurations.9−11,22 The range
of available binding configurations acts as a source for
broadening the span of observed emission wavelengths and
diversity of the emission features in low-temperature single-
tube emission experiments.17,18,22,24 As such, new reactive
schemes are needed for refined control over the defect
configuration, which will allow for defining a narrow band of
emission at the targeting wavelength.25 Moreover, the route
toward this includes not only control over the local binding
configuration, but also one needs to resolve the role of the
local chemical environment and interactions between closely
spaced sp3-defects.22 Recent experiments have introduced
methods, such as high-resolution single-defect spectroscopy26

and utilization of chemical reactions with a single-stranded
DNA exposed to singlet oxygen,27,28 to pattern and examine
spatially localized and interacting defects. These studies leave
many open questions regarding the strength of coupling (i.e.,
electrostatic interactions) between sp3-defects, which can be
modulated by both the defect binding configuration and their
separation/arrangement on the SWCNT surface.
For both pristine and functionalized SWCNTs, the concept

of exciton size has been extensively studied.1,5−7,29−35 The
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redshift in emission energy in low-lying defect-associated
excited states correlates well to increased localization of the
wave function due to a one-dimensional effective potential well
created by the defect.11,15,20,22 In the case of multiple
interacting sp3-defects, the exciton may be shared in a
nontrivial way between each defect site,28 either exhibiting a
more delocalized nature across both sites or localization to a
single defect. The resulting excitonic properties will depend on
the defect−defect coupling strength, presumably varying with
defect binding configuration, composition, placement, and
separation length (see Figure 1a−d).
In this work, we investigate interacting and localized

excitonic states stemming from a pair of covalent sp3-
hybridized defects on the surface of an experimentally relevant
(6,5) SWCNT in the framework of an effective Frenkel
Exciton Hamiltonian model36,37 (Scheme 1) fit to ab initio
results obtained at the level of time-dependent-density
functional theory (TD-DFT). We find that axially separated
sp3-defects are modeled well by this approximation and show

qualitative correspondence to a model system with J-type
aggregation for defect-associated states. However, circum-
ferentially separated sp3-defects do not display the correspond-
ing H-type behavior of excitons. For closely packed paired sp3-
defects (separated by less than 2.5 nm), the defect−defect
interaction has a reduced contribution of the dipole−dipole
couplings and increased portion of exchange coupling due to
stronger overlaps of defect-associated excitonic wave func-
tions.38,39 Defects placed along the circumference (in the
supposed H-type orientation) demonstrate the strongest
interaction among all considered geometries, where the
dipole−dipole interactions are superseded by exchange due
to the cylindrically diffusive character of exciton densities. In
fact, this leads to the formation of a common potential energy
well involving both defects which may host a manifold of
excitonic states. Importantly, our calculations demonstrate that
for the majority of interdefect orientations (the geometrical
placement of the two defects with respect to one another), the
lowest exciton remains optically bright, red-shifted from the
main E11 band, and well-separated from the next optically dark
state. All of these features are desirable for a strong emission in
the near-infrared region. This implies that a selection of the
defect type is not as critical for improving the emission
efficiency of SWCNTs and that mixing of different types of
defect pairs might be a promising direction for controlling
efficient single-photon emission. Altogether, this work explains
the recent experimental results, including the aforementioned
DNA-wrapped SWCNTs27,28 and high-resolution single-defect
spectroscopy26 in the context of defect−defect interactions.
Consistent with previous studies, our model consists of a

single defect created by attaching two methyl groups bonded
to adjacent carbon atoms of the SWCNT in one of three ortho
configurations.11,14,21 For any SWCNT, three ortho and three
para configurations are available. In this work, we consider
only defects of the ortho type, since it was shown to be a
dominant binding configuration for (6,5) SWCNT.9,11 Our
results can be easily generalized for para defects as well. These
three ortho positions include attachment of molecular adducts
to two carbon atoms along the bond aligned with about 27°,
87°, and −33° from the tube axis. For brevity, these three ortho
positions are named as 1, 2, and 3, respectively, Figure 1e and
Figure S1, while their combinations (i.e., pairs of defects) will
be denoted as Cij. Each defect configuration has a unique
redshift in energy from the main E11 transition corresponding

Figure 1. Optimized structures of the (6,5) nanotube functionalized by four methyl groups resulting in a pair of sp3-defects of various
configurations. We consider only pairs of ortho (1, 2, and 3) defects separated from each other by different distances scaled by L, which is defined as
10 separating carbons (∼1.3 nm) and is equivalent to half of the circumference: (a) Axial L (AxL) for C11 defects, (b) Axial 3L (Ax3L)for C23
defects, (c) Circumferential L (CircL) for C12 defects, (d) Axial L Circumferential L (AxL/CircL) for C12 defects, and (e) definition of all single-
defect configurations: possible ways of creating a single sp3-defect, with three ortho (red circles) and three para (blue circles) types.

Scheme 1. Schematic of Transition Energy Diagram
According to Kasha’s Theory of HJ Aggregates, Where Both
Monomers Are Identical (i.e., ωi = ωj) Producing Equal
Exciton Splitting of 2Ja

aH-aggregates are formed by stacking transition dipole moments, in
this case of two monomers, producing a blue shifted bright transition
relative to the transition of the monomer, since their lowest transition
is optically inactive. J-aggregates are formed by a head-to-tail
orientation of the transition dipole moments, which switches the
optically bright and dark states, producing a red shifted transition.
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to a unique degree of exciton wave function localization
(ranging from 2 to 5 nm).14 This dependence of the redshift
on the localization can be thought of as varying depths of
confining potential energy well hosting the excitons. Here, we
focus on how these potential energy wells are coupled and
modify the energy landscape and affect exciton localization.
Although there are numerous ways to orient/place a pair of

sp3-defects on the tube surface, we consider only three unique
types of paired defects: (I) axial translations, where the axial
separation between defects can be varied in terms of an integer
n multiplying some length L (i.e., one-half of the circumference
∼10 carbons ∼1.3 nm) with n = 1, 2, 3, and 4, denoted as
AxnL (Figure 1a,b); (II) circumferentially interacting defects,
CircL (Figure 1c); and an angle-dependent interaction of both
an axial and circumferential separation of sp3-defects, AxL/
CircL (Figure 1d). Each of these systems is defined as a
combination of two independent ortho defects, e.g., C11, C12,
C22, C23, C13, and C33.
The obtained ground state energies are analyzed to

determine energetic stabilities of various pairs of defect
configurations and optimal distances at which these defects
interact, as shown in Figure 2. For uncoupled, noninteracting

defects, as is the case when the distance between defects is
large (e.g., Ax3L ∼4 nm), the stabilization energies, calculated
as an energy difference between the pristine tube and the tube
with paired sp3-defects, show independent and additive
character (Figure 2b,c). At this noninteracting limit, for
example, the stabilization energy of a defect combination of

type C31 could be well approximated by Δ3 + Δ1, where Δ3
and Δ1 are the differences between the total energy of the
pristine SWCNT and the system with the singe defect of type-
3 and type-1, respectively (dashed line in Figure 2b).
For each combination of defect pairs, energies noticeably

deviate from the additive trend for the smallest axial separation,
AxL, due to strong defect−defect interactions. While both AxL
and CircL represent the same surface-bound separation length
between defects, the largest deviation is observed for CircL
defects, showing up to 260 meV in energy variations, Figure 2c.
This deviation stems from the breaking of the short,
circumferential π-orbital resonance paths in slightly different
ways with each combination of defect types. Thus, all defect
types at the CircL geometries are not independent, which
implies a thermodynamic preference to form a specific
nonfactorizable defect pair (i.e., highly overlapped wave
functions) compared to interacting single defects.11

Despite the same axial separation of ∼1.3 nm, the values of
stabilization energies of AxL/CircL defects are different from
the AxL defects (Figure 2b), while the magnitude of the
deviations from the additive trend are nearly identical and is
not larger than 50 meV for both cases (Figure 2c). This implies
that the ground-state interaction only depends on the axial
separation, while the details for each configuration may depend
on other parameters. These other parameters include both
geometric and π-orbital distortions as well as asymmetrical
breaking of π-orbital resonance around the tube. This also
points to a weak angular dependence based in π-orbital
conjugation.
To model redshifts of excitons in structures with paired

defects, one can write a simple Frenkel Exciton Hamiltonian
(H) in the site basis for coupling of two sp3-defects (or two
interacting excitons, see Methodology and Scheme 1). For
defect pairs consisting of two identical defect types (i = j),
where ωi = ωj = ω is the exciton transition energy for a
noninteracting single defect (e.g., commonly denoted in
experiment as the E11* or E11*

− energy) and Jij = Jji = J
representing the coupling matrix element, Scheme 1. The
resulting excitonic energies (E±) of systems with interacting,
identical paired defects are predicted to be shifted by J in the
classical exciton model as E± = ω ± J. For chemically
nonidentical defects, where ωi ≠ ωj, the exciton energies can
be obtained by eq 2 (see Methodology). Quantum chemical
calculations (here TD-DFT, see Methodology) allow con-
venient evaluation of all these quantities. For example, the
simulation of individual defects results in ωi and ωj. The
coupling matrix element, J can be estimated using a point-
dipole approximation (eq 3 in Methodology) calculating
interactions of two transition dipoles that are centered at the
defects. Alternatively, J can be inferred from a splitting between
states obtained from calculation of a defect pair. In this case,
the electrostatic Coulomb component is evaluated beyond
point-dipole approximations, and other contributions (such as
exchange) are included as well.
Figure 3a shows the absorption spectra for C11 config-

urations at various axial defect−defect separation lengths
(AxL−Ax3L) calculated by the linear response TD-DFT (see
Methodology). In each case, the lowest-energy exciton is
bright, and the second transition is dark, both shifted nearly
symmetrically by about ±J with respect to the lowest exciton
energy of the single defect system (the vertical blue line in
Figure 3a). This agrees with predictions of eq 2 and eq 3 (with
i = j): With increasing defect distance from L to 3L, we see a

Figure 2. Thermodynamic stability of each defect geometry studied.
(a) Single defect total energies are subtracted from those of pristine
SWCNT, which we label Δ1, Δ2, and Δ3, respectively. (b) Paired
defect total energies are subtracted from those of pristine SWCNT.
The dashed lines represent different additive combinations of Δ1, Δ2,
and Δ3 energies. For all defect pairs, a circumferential translation of
length L (CircL) shows the strongest defect−defect interaction. The
second column shows a combined axial translation of length L and a
circumferential translation of length L (AxL/CircL), with the angle
between defects and the tube axis at 45° (Figure 1d) . (c) The
deviation from the additive hypothesis (dashed lines in part b). The
relatively large spread in energies for the CircL defects implies that the
energetic stability of the system strongly depends on the specific
defect pairs, most likely a result of π-orbital resonance breaking. The
limit of negligibly weak ground state interactions between the defect
pairs is effectively reached at a separation of Axial 2L (∼2.6 nm) and
further reduced at Axial 3L.
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decrease both in the J-splitting magnitude (calculated by eq 4
in Methodology) and the J-splitting asymmetry (calculated by
eq 5 in Methodology), Figure 3b. The splitting becomes more
symmetric about the single defect transition with a larger
defect separation because the excitons originating from each of
the two defects become more spatially independent at larger
distances, converging toward the ideal Kasha exciton model of
J-aggregates (Scheme 1).36 Note, a slight deviation from this
trend (∼5 meV) for the longest defect−defect separation,
Ax4L, is due to finite-size effects, as the size of the single-defect
excitonic wave functions encroach on the edge of the SWCNT
and become slightly perturbed. Nonetheless, that magnitude of
splitting, J, is negligibly affected by the finite-size effects.
The defect−defect coupling demonstrates a power law fit of

J ∼ pow(r,n) or rn, where r is a defect−defect distance and n =
−1.1, Figure 3b. This trend shows that the coupling decreases
with increasing distance weaker (or “slower”) than a pure
dipole−dipole interaction, which scales like the inverse third
power of separation length (n = −3). This deviation indicates
that these nearby defects interact beyond point-dipole
approximation and have other contributions such as
exchange.38 The latter stems directly from exciton wave
function overlaps, which may be characterized by the
asymmetry in the splitting (sometimes called the Dexter
component).40,41 While C11 configurations exhibit results
mainly consistent with Kasha’s model of J-aggregates,
configurations C22 and C33 may require larger spatial
separations to see ideal J-type splitting than computational
resources allow due to their weakly localizing excitonic
potential, as illustrated in Figures S2−S4, Table S1. Results
for nonidentical defects i ≠ j are shown in Figures S5−S8.
Figure 4 shows transition densities of the two lowest

excitons for six axial defect geometries illustrating the various
interaction between defects according to the intrinsic proper-
ties of their trapping potential. All axial defects with at least
one defect of type-1, the deepest potential well resulting in the
most red-shifted exciton14,22 (Table S1), demonstrate J-
aggregate behavior where the first excited state is optically
bright and the second state is optically dark due to their near-
ideal dipole−dipole interactions (Figure S2). For nonidentical

axial defects, the exciton becomes trapped (or localized) within
a single well due to the presence of a shallower trapping
potential (Figure 4b). The exciton is shared, nearly equally,
across wells for identical defects with identical trapping
potentials (Figure 4a). For largely separated, identical defects,
such as the Ax3L C11 case, the excitonic density is significantly
reduced at the midpoint (or height of the potential barrier)
between defects, pointing to weak overlap interactions and
more dipolar J-type coupling. For largely separated, non-
identical defects, the density for both states is attracted to the
defect with the deepest trapping potential (i.e., the type-1
defect, Figure 4c). As a result, the defect pair C13 is the most
coupled through electrostatics (the largest J-couplings, Figure
S4b) and demonstrates large splitting between the first and
second excitonic states (Figure S7). For example, the type-1
defect contains all of the density due to the large energy

Figure 3. Characteristics of axial defect couplings in the excited state. (a) Absorption spectra of structures with an ortho defect of type-1 and axial
defects composed of the same type, C11, at various separations. The height of vertical gray lines with circles corresponds to the calculated oscillator
strengths of optical transitions. The blue vertical line defines the lowest exciton energy for a single type-1 defect, as a reference for the J-coupling
value. (b) J-coupling values for axial C11 defects as a function of defect−defect separation (solid black) calculated by eq 4. The dotted black line
shows a power law fit to the data (J ∼ rn), with n = −1.1 < −3 showing a subdipole trend stemming from nonelectrostatic interactions such as
exchange coupling. As the defects approach infinite separation length, each curve should approach zero for completely independent defects. The
asymmetry of the splitting (solid red) estimated by eq 5 decreases with increasing distance, which helps characterize the amount of nonelectrostatic
interactions at each separation length.

Figure 4. Schematic representation of the exciton potential well of
interacting defects and calculated transition densities of two lowest
excitons of several structures with axially paired defects. The excitonic
potential, V(x), for (a) two identical Axial defects C11 and (b) two
different Axial defect types C12, with both cases leading to the
transition dipole moments acting as J-aggregates. (c) Transition
densities of two lowest excitons for six Axial defect geometries,
illustrating the various interaction between defects according to the
intrinsic properties of their exciton potential wells, with all cases
resulting in J-aggregates having optically bright first state (with
oscillator strength f and transition energy listed inside each subpanel)
and optically dark second state (where f = 0.00 in all cases).
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difference in potential well minima (Figure 4b). Similarly, the
defect−defect interaction in the C12 system yields moderate J-
couplings (Figure S4b) and exciton splitting (Figure S7) since
the type-2 well is lower than type-3 (Table S1) but not as
greatly separated in energy, allowing for more delocalization.
Lastly, the defect−defect interaction in C23 weakly splits the
two lowest states, since the type-3 and type-2 defects are both
delocalized and hence have shallow effective wells, effectively
causing the Kasha exciton model to break down (Table S1,
Figures S4b and S7).
Overall, the nature of defect−defect interactions strongly

depends on the depth of the trapping potential, revealing that
dipole−dipole interactions dominate for systems involving
deep potentials, and exchange couplings dominate in systems
with shallow trapping potentials (−3 < n < −1 in J ∼ rn fitting,
Figure S4b), due to much stronger overlaps between their
single-defect wave functions. Note that, for a single defect of
type-3 (delocalized exciton), the optically bright, defect-
originated state is energetically located above two, optically
inactive states associated with the E11 pristine manifold (Figure
S3) because the redshift from the E11 band is very small due to
this defect’s delocalized nature. While axial positions of
identical defects of this type, C33, insignificantly affect this
alignment between bright and dark states, coupling of a type-3
defect with more localized defects (e.g., type-2 or type-1)
changes this situation, making the lowest exciton bright and its
properties governed by the nature of the most localized defect
with the deeper trapping potential (Figures S5−S8). Overall,
the mixture of nonidentical axial sp3-defects is beneficial for
emission, since the lowest excitonic state is always bright and
well-split from the next optically dark state nearly independent
of defect−defect distances (∼0.1 eV for C13 and C12 defects),
Figure 4c. Moreover, from six possible paired axial defects, half
of them result in the most red-shifted bright exciton with
nearly the same energy (defined by the defect of type-1 with
the deepest trapping potential), when the defects are separated
by more than 2.6 nm (2L). This is expected to affect the
emission line width broadening to a smaller degree, compared
to a spatially separated ensemble of the same types of single
defects.
In addition to the distance dependence of defect−defect

exciton splitting, we also characterize angular dependence of
this interaction. This could be important since CircL defect
orientations show the strongest thermodynamic stabilization
for C13 and C11 combinations among all considered
configurations, Figure 2b. These defects can, for example, be
patterned with the DNA strands.27,28 Figure 5 compares the J-
couplings as a function of interaction angle θ for AxL/CircL
defects of type C11, which are estimated based on the splitting
between the two lowest excited states obtained by TD-DFT
calculations (eq 4, Methodology) and on the idealized effective
model of single-defect transition dipoles (eq 2). Note that the
angle θ = 0° corresponds to the axial defect AxL and θ = 90°
corresponds to the CircL defect, as shown in Figure 1d. The
values of J-couplings obtained from TD-DFT calculations of
SWCNT with the AxL/CircL C11 defect follow the dipolar
dependence on angle up to the boundary between H- and J-
aggregates (θ = 54.7°); after which, the J-coupling remains
negative, strongly deviating from the ideal H-type curve, Figure
5. This deviation suggests that the paired defect at θ > 55°
forms a new, hybrid defect, where the individual defects have
lost their identities forming a single, shared confining potential
(Figure 5, insert). This is because the excitonic density is

nearly equally distributed about the SWCNT circumference,
which can be clearly seen in Figure 4c and Table S2.
As a final note, we examine the symmetry of the shape of the

transition density originating from each defect. Interestingly,
the lower-energy state always corresponds to the J-type
aggregate symmetry (see Table S2 for C11 defects and the
corresponding reduced model system in Table S3, Figures S12
and S13). This implies that each defect still retains at least
some portion of their weakly interacting characteristics, even
with largely overlapping wave functions, to retain the parallel/
antiparallel linear combination of transition dipoles. This
partial J-behavior is also evidenced by the fact that the lowest
exciton is optically bright for all AxL/CircL defects with θ <
54.7° (Figure S10) and CircL defects (θ = 90°) involving at
least one defect of type-1 with the deepest trapping potential
(Figure S11). However, defects with shallow trapping
potentials result in higher energy of the lowest exciton than
those of a single defect, with CircL and AxL/CircL C13 defects
being optically bright, while CircL C22, C12, and C33 are
optically dark. Such a strong discrepancy between TD-DFT
calculations and the simple point-dipole model is due to
increased spatial extent of excitons associated with the shallow
trapping potential of defects, which makes the exchange
interaction dominant over direct electrostatic interactions.
Nonetheless, for a vast majority of paired defects with
circumferential placement, the lowest excitonic state is
optically bright, red-shifted from the main E11 band, and
well-separated from the next optically inactive state, with all
these features favoring emission of SWCNTs.
In conclusion, we have explored the interaction between

spatially localized sp3-hybridized defects in SWCNTs using
TD-DFT and have shown that their interaction conforms to
the well-known Frenkel Exciton model describing, for example,
electronic features of H and J molecular aggregates in the case
of axially well-spaced defects (>2 nm). For axially spaced
defects, J-aggregate behavior dominates. This results in
separation between the lowest energy optically bright exciton
and the next optically dark exciton. This separation reduces
with increasing distance between defects from ∼100 meV at
∼2 nm down to ∼30 meV (being on the order of thermal
fluctuations) at ∼5 nm distance. However, the energy splitting

Figure 5. J-coupling values as functions of (a) angle and (b) an
effective 1D parameter calculated from TD-DFT (filled circles) and
from single-defect transition dipoles by eq 3 (empty circles) for AxL/
CircL defects of type C11. The inset shows schemes of the potential
well, V(x), for two CircL defects and the excitonic levels of the H-
aggregate orientation. For the J-type regime (bounded by red dashed
lines with θ < 54.7° = θC), there is qualitative agreement between the
methods. In contrast, the H-type aggregates break down in this
comparison, as the systems never produce H-type splitting for θ > θC.
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between two lowest bright and dark excitons stays maximal
(>100 meV at 5 nm distance) for the mixture of two different
defect types with one having the deepest trapping potential. In
the short-distance limit (∼1.3 nm), we found that the defects
are coupled beyond classical dipole−dipole interactions and
can no longer be considered as factorizable linear combinations
of individual defect wave functions. This trend is the most
pronounced for circumferential placement of paired defects
due to their diffusive and overlapping character of the defect-
associated wave functions, where the exchange coupling plays a
leading role in the defect−defect interactions. However, even
in this regime, the lowest exciton stays optically bright and
well-separated from the next dark exciton for the vast majority
of defect configurations considered. The redshift of the bright
defect-based exciton from the main E11 band of the pristine
SWCNT is governed by the defect with the deepest trapping
potential, while typically being larger (more extended along the
axis) compared to the exciton originating from a single defect.
Overall, our computational results address the challenge of

selectivity of the defect-based emissive state in functionalized
SWCNTs. We have shown that two different sp3-defects placed
at the SWCNT surface mostly do not change the ordering
between the lowest optically bright and dark excitons, leaving
the lowest state bright. Importantly, its energy splitting from
the dark exciton and the main E11 band can be tuned through
control of the axial separation between adjacent defect sites.
Such control over defect separation has been recently realized
experimentally through ss-DNA-wrapped SWCNTs.27,28 The
gained knowledge of how defects interact suggests many-fold
impact: (i) new direction of synthetic control via coupled
defects, (ii) further guideline in the tunability of the low-
energy emissive states in functionalized SWCNTs, and (iii)
clarification of open experimental questions, such as exciton
trapping and interacting photon emitters in correlation
experiments.12,24,42

■ METHODOLOGY
Quantum-Chemical Calculations. The calculations are carried
out on a finite (6,5) SWCNT of three unit cells in length (∼12
nm) capped with hydrogen atoms. This capping scheme was
found to successfully reproduce the electronic structure of the
infinite (6,5) SWCNT.43 These SWCNT structures with single
and paired sp3-defects are optimized with density functional
theory (DFT) using the CAM-B3LYP functional and STO-3G
basis set, as implemented in Gaussian 16 software.44 This
methodology was previously shown to recover the electronic
localization for both pristine and functionalized tubes and be
consistent with experimental observations.9,11,14,43 We use the
same functional and basis set for excited state time-dependent
DFT (TD-DFT) as for the ground state calculations. This level
of theory has been shown to reproduce reasonable exciton size
distributions and emission energies of functionalized SWCNTs
comparable to experimental data.3,15,43

Frenkel Exciton Model. One can write down an effective
Hamiltonian in the site basis coupling two defects (i.e.,
excitons) as

ω

ω
= =H

J

J
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jjjjjjj
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where ωi is the transition energy for a noninteracting defect of
configuration i (see Figure 1 for definition of configuration)

and Jij is the Coulomb coupling between the defects. In the
most general case, the defects are not chemically identical and
have spectrally dissimilar transition energies (ωi ≠ ωj).
Transition energies of the resulting excitonic states are
eigenvalues of eq 1 and given by
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In order to describe the Coulomb coupling between sites, it is
common to employ a point-dipole approximation such that
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where μ⃗i is the transition dipole moment of noninteracting
defect i and r ⃗ is a vector connecting the center of masses of
each defect. This point dipole approximation is valid for
dipoles that are small compared to the dipole−dipole
separation distance. The orientation of the transition dipole
moments influences Jij, which ultimately determines the
energies and oscillator strengths of the excitonic states.
The model can be derived from first-principle calculations of

the excited state of the functionalized SWCNT. The lowest
optical transition energies for the SWCNT with a single defect
and pair of defects are computed by TDDFT and denoted as
ES for a single defect, and E− and E+ for the first and second
optical transitions of the paired defects, so that E− < ES < E+, as
depicted in Figure 3a and Figures S2 and S3. For numerical
analysis of defect−defect couplings for different separations
between axial defects of the same type, we use the following
linear combinations of transition energies as a measure of
exciton−exciton interaction:

=
−+ −J

E E
2 (4)

A measure of asymmetry between the first two excitons
associated with the paired identical defects with respect to the
reference point of the lowest exciton of a single defect is
defined as

=
− − −+ −E E E E

asymmetry
( ) ( )

2
S S

(5)

The values of J and asymmetry are shown in Figure 3b by black
and red lines, respectively. For nonidentical defects, Figure S4,
eq 2 is used to calculate coupling strengths, and a similar
expression to eq 5 is used to calculate the asymmetry.
Two typical classes of systems are known as H- and J-

aggregates (Figure 1e). For the J-type geometry (Jij < 0),
transition dipoles are aligned in a head-to-tail orientation (i.e.,
→ →), and the bright state is red-shifted relative to the
monomer’s transition energy. For the H-type geometry (Jij >
0), the dipoles are stacked, and the bright state is blue-shifted
relative to the monomer’s transition energy.
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